ABSTRACT. We prove a generalization of the Brill-Noether theorem for the variety of special divisors W r d (C) on a general curve C of prescribed gonality. Our main theorem gives a closed formula for the dimension of W r d (C). We build on previous work of Pflueger, who used an analysis of the tropical divisor theory of special chains of cycles to give upper bounds on the dimensions of Brill-Noether varieties on such curves. We prove his conjecture, that this upper bound is achieved for a general curve. Our methods introduce logarithmic stable maps as a systematic tool in Brill-Noether theory. A precise relation between the divisor theory on chains of cycles and the corresponding tropical maps theory is exploited to prove new regeneration theorems for linear series with negative Brill-Noether number. The strategy involves blending an analysis of obstruction theories for logarithmic stable maps with the geometry of Berkovich curves. To show the utility of these methods, we provide a short new derivation of lifting for special divisors on a chain of cycles with generic edge lengths, proved using different techniques by Cartwright, Jensen, and Payne. A crucial technical result is a new realizability theorem for tropical stable maps in obstructed geometries, generalizing a wellknown theorem of Speyer on genus 1 curves to arbitrary genus.
INTRODUCTION
Given a smooth projective curve C over the complex numbers, let W r d (C) denote the subvariety of the Picard variety of C, parameterizing divisors of degree d that move in a linear system of dimension at least r. The dimensions of these varieties are fundamental invariants of C. For specific curves, the dimension of W r d (C) can be far from that predicted by a naive dimension count. However, Brill-Noether theorem asserts that, if C is a general curve of genus g, this naive dimension count is correct. More precisely, the dimension of W r d (C) is ρ(g, r, d) := g − (r + 1)(g − d + r), where a scheme is understood to be empty when its dimension is negative. This result was first proved in a seminal paper by Griffiths and Harris [27] . It has inspired a great deal of additional research, including multiple re-proofs by an array of different techniques [20, 25, 36] .
The main result of this paper is an analogue of this theorem for curves of a prescribed gonality. Fix an integer k ≥ 2, and let C be a general curve of genus g and gonality k. In [43] When C is general in M g , the scheme W r d (C) is equidimensional, but for a general k-gonal curve, it can have irreducible components of different dimensions. For example, if C is a general trigonal curve of genus 6, then W 1 4 (C) has a 1-dimensional component whose general member is the g 1 3 plus a base point. At the same time, however, such a curve can be embedded in P 1 × P 1 as curve of bidegree (3, 4) , and projection onto the second P 1 yields a g 1 4 that is base point free. It is a straightforward exercise to see that this g 1 4 is an isolated point of W 1 4 (C). Theorem A should be interpreted as saying that W r d (C) has a component of maximal possible dimension ρ k (g, r, d). Our results rely on a newly observed connection between the divisor theory on tropical curves and the theory of logarithmic stable maps. A crucial technical result, which we believe to be of independent interest, is the following. Naive well-spacedness is an explicit collection of piecewise linear conditions on the edge lengths of Γ and of edges in the trees attached to the cycles. There is one such condition for each cycle of Γ that fails to span R r . See Definition 8.2.
Context and motivation.
Theorem A reduces to a number of known results in special cases.
The maximum possible gonality of a curve of genus g is k = ⌊ g+3 2 ⌋. This is the gonality of a general curve of genus g and in this case Theorem A recovers the Brill-Noether theorem. At the other extreme, the minimum possible gonality of a positive genus curve is k = 2, in which case the curve is hyperelliptic. Here, Theorem A shows that dim W r d (C) = d − 2r. This follows from the fact that every g r d on a hyperelliptic curve can be obtained by adding d − 2r base points to r · g 1 2 . This dates back to at least the 19 th century, and was likely known to Clifford [19] .
For intermediate values of k, progress has been much more recent. Much like in the hyperelliptic case, when d ≥ kr, one can always construct a g r d by adding d − kr base points to r · g 1 k . Applying Riemann-Roch, this shows that
where, as above, r ′ = min{r, g − d + r − 1}. In [13] , Ballico and Keem consider the case where g ≤ 4k − 4. In this case, they show that dim W r d (C) can exceed ρ(g, r, d) by at most g − 2k + 2, using a blend of admissible cover techniques and limit linear series. In [21] , Coppens and Martens exhibit components of W r d (C) of dimension ρ(g, r − ℓ, d) − ℓk for ℓ equal to 0, 1, and r ′ . In [22] , they expand this to the case where r ′ + 1 − ℓ divides either r ′ or r ′ + 1 and is smaller thank k. Together with Pflueger's upper bound, these results determine the dimension of W r d (C) for general trigonal or tetragonal curves.
In a related but orthogonal direction, Farkas considers the Brill-Noether locus in the moduli space of k-gonal curves [26] . When ρ(g, r, d) is negative, he asks whether this locus has the expected codimension −ρ(g, r, d). He shows that this is the case when k ≥ 2 + r(2 − ρ(g, r, d)). Farkas's approach uses the geometry of the Kontsevich moduli space of stable maps in an essential fashion. To our knowledge, this is the only result on the codimension of the Brill-Noether locus in the moduli space of k-gonal curves. In M g , more is known, and in particular there are many results when −ρ(g, r, d) is relatively small [25, 24, 42] . When r = 1, the Brill-Noether locus is the image of the Hurwitz space, and is therefore irreducible of the expected dimension. However, counterexamples appear in rank 2. For example, by Clifford's Theorem a curve has a g 2 4 if and only if it is hyperelliptic, so the codimension of the space of curves with a g 2 4 is g − 2.
On the other hand, the expected codimension is −ρ(g, 2, 4) = 2g − 6.
Theorem A provides many cases where the Brill-Noether number is negative but the general curve of gonality k nevertheless possesses a g r d . In these cases, the Brill-Noether locus necessarily fails to have the expected codimension. The invariants for which W r d (C) is non-empty for a general curve of gonality k are precisely determined by Theorem A. Following [43] , we represent this graphically by identifying a choice of d and r with the point (r + 1, g − d + r) in the plane, and identifying the region where W r d (C) is nonempty with the area bounded by a curve in the first quadrant. We refer to this region as the BN region. The expression (x − ℓ)(y − ℓ) + ℓk obtains its minimum at ℓ = 1 2 (x + y − k). When this number is smaller than r ′ , we see that the formula above is quadratic in x and y. This corresponds to the curved region in the center of Figure 1 . Otherwise, the minimum in the expression above is obtained at ℓ = r ′ , corresponding to the two linear regions at either end of Figure 1 .
FIGURE 1. This graph shows the points (r + 1, g − d + r) for which W r d (C) is nonempty, when C is a general curve of gonality k, for various values of k.
Approach and techniques. The upper bound
established by Pflueger is based on tropical techniques, which in turn rely on results in Berkovich geometry. He analyzes the divisor theory of a particular metric graph Γ of gonality k. This graph is a chain of cycles with special edge lengths, chosen in such a way that Γ supports a degree k divisor of rank 1. It is a generalization of the generic chain of cycles used in [20] to establish a new proof of the Brill-Noether theorem. In addition to this combinatorial analysis, Pflueger uses the lifting results of [6] to show that there is a curve C of gonality k that specializes to Γ. He first uses the gonality pencil to construct a map Γ → R and then lifts this map to a family of algebraic covers of P 1 . The lifting result for such maps can be seen via the logarithmic unobstructedness of the space of admissible covers of P 1 . The upper bound follows from Baker's specialization lemma [8] .
To complete Pflueger's argument, we must show that, in addition to the gonality pencil, certain additional divisors on Γ of higher rank lift to C without dropping rank. While there is a fairly good understanding of lifting divisors of rank 1 on tropical curves [6, 7, 37] , there are only a small number of lifting results in higher rank. Indeed, Cartwright has shown that the lifting problem for rank 2 divisors on tropical curves satisfies a version of Mnëv universality [14] . See [9, Section 10] for a detailed discussion of the lifting problem in the tropical setting.
One crucial family of graphs for which a complete higher rank lifting result for divisors is known is the generic chain of cycles [15] . The argument used to establish this result in [15] relies heavily on the known structure of W r d (C) for general curves C, including its determinantal description, its dimension, and its class as a cycle in the Jacobian. These techniques do not appear to generalize to special chains of cycles. Instead, we appeal to logarithmic geometry to prove the necessary lifting result. Along the way, we provide a short new derivation of the analogous lifting result for the generic chain of cycles, see Theorem 4.1. We use this to give a purely tropical proof of the existence part of the Brill-Noether theorem [34, 35] that does not rely on intersection theory, see Theorem 4.6.
When Γ has generic edge lengths, our lifting argument proceeds as follows. Given a special divisor D on Γ, distinguished piecewise linear functions in the associated tropical linear series can be used to construct a tropical stable map from Γ to P r trop . The slice by any coordinate hyperplane is equivalent to D on Γ. We then use deformation theory of logarithmic stable maps to lift the tropical map, recovering the divisor as the tropicalization of a hyperplane section. A key observation in this argument is that the genericity of Γ guarantees that the map to P r trop is non-superabundant in the sense of [18, 33, 38] . That is, the image of each cycle of Γ spans the target R r . This combinatorial condition guarantees the smoothness of a versal deformation space naturally associated to this tropical stable map, so there is no obstruction to lifting.
Given a divisor on a k-gonal chain of cycles Γ that has rank r, one may still construct a map Γ → P r trop . However, the image of each cycle spans a linear space of dimension at most k − 1, and many consecutive cycles may lie in the same linear subspace. Such tropical curves are called superabundant. The algebraic deformation space encoded by this tropical curve is highly singular. The general tropical realization problem for tropical stable maps also satisfies a version of Mnëv universality, due to Vakil's Law, see [51] and [45, Theorem D & Remark 3.1.1]. The relevant tropical realization problem for maps Γ → P r trop seems beyond the reach of present tropical realizability theorems.
Rather than considering maps to projective space, in the k-gonal setting it appears more natural to consider relative maps to projective space over the base P 1 . In other words, we consider maps from the curve to projective bundles over P 1 such that the composition with the map to P 1 yields the k-fold cover. For simplicity, we refer to such projective bundles throughout as scrolls. We strongly suspect that, when C is a general k-gonal curve, the various components of W r d (C) correspond to different scrolls. In [43, Question 1.10], Pflueger asks whether every component of W r d (C) has dimension ρ(g, r − ℓ, d) − ℓk for some ℓ. A consequence of Proposition 7.4 and the results of Section 9 is that, for each value of ℓ in the range r ′ + 1 − k < ℓ ≤ r ′ + 1, there exists a scroll S(a, b) such that the corresponding space of nondegenerate maps from C to S(a, b) has dimension at least ρ(g, r − ℓ, d) − ℓk.
Studying maps to scrolls allows us to replace the tropical realizability problem above with a simpler one. Rather than constructing a map from Γ to a tropical projective space, we construct a map to the tropicalization of a scroll. The corresponding tropical curve is still superabundant, but has fewer obstructions. A crucial technical achievement of this paper is the solution to the relevant tropical realizability problem (Theorem B). The necessary lifting theorem for divisors is obtained as a corollary. It should be noted that the chain of cycles is among a small number of tropical curves whose Brill-Noether theory can be explicitly understood and it exhibits a number of unexpected properties. One among these properties, observed and exploited in this text, is a close relationship between the theory of divisors and that of maps to projective space, which typically breaks down in the tropical setting.
The realizability problem for tropical stable maps remains largely unsolved, despite substantial interest [6, 12, 18, 33, 38, 39, 40, 45, 46, 47] . Two important cases where progress has been made are Speyer's genus 1 results [47] and the results of Cheung, Fantini, Park, and Ulirsch for nonsuperabundant curves [18] . The latter builds on insights from Nishinou and Siebert's pioneering genus 0 analysis [40] . To the best of our knowledge, Theorem B provides the first solution to a superabundant tropical realizability problem that applies in all genera and all target dimensions, to a maximally degenerate combinatorial type. Our approach blends the techniques of the aforementioned authors. We use the geometry of logarithmic stable maps and lifting theorems for tropical intersections to reduce the question to one about maps to P 1 . We then use semistable vertex decompositions for morphisms of curves [6, 12] to further reduce to a local lifting question in genus 1. This allows for Speyer's results to be applied "cycle-by-cycle". We conclude by applying the tropicalization of moduli space of stable maps in superabundant geometries developed in [45] . For clarity, we focus on the case of chains of cycles in this text, but the procedural aspects of our proof should generalize to new combinatorial geometries and give high genus realizability theorems. On the other hand, we expect that improved lifting theorems in the chain of cycles geometry will have additional applications in the theory of linear series.
We conclude the introduction by noting that the only substantial difficulty in extending these results to positive characteristic lies in generalizing Theorem B. In particular, we rely on Speyer's genus 1 lifting result [47, Theorem 3.4] , which requires a characteristic 0 hypothesis.
COMBINATORICS OF SPECIAL CHAINS OF CYCLES
In this section, we review the divisor theory of special chains of cycles, as discussed in [43, 44] . The material of this section is developed in detail in those papers and their precursors [20, 30] . For more on the divisor theory of metric graphs, we refer the reader to [8, 9] .
2.1. Torsion profiles and displacement tableaux. Let Γ be a chain of cycles with bridges, as pictured in Figure 2 . Note that Γ has g cycles, labeled γ 1 , . . . , γ g , and 2g vertices, one on the lefthand side of each cycle, which we label v 1 , . . . , v g , and one on the righthand side of each cycle, which we label w 1 , . . . , w g . There are two edges connecting the vertices v j and w j , the top and bottom edges of the j th cycle γ j , whose lengths are denoted ℓ j and m j , respectively. For 1 ≤ j ≤ g − 1 there is a bridge connecting w j and v j+1 , which we refer to as the j th bridge β j , of length n j . The failure of a chain of cycles to be Brill-Noether general is measured by the torsion orders of the cycles [44] . The special divisor classes on Γ, i.e. the classes of degree d and rank greater than d − g, are classified in [44] . It is shown that the Brill-Noether locus W r d (Γ) parametrizing divisor classes of degree d and rank r is a union of tori, indexed by certain types of tableaux, called µ-displacement tableaux. These are generalizations of standard Young tableux on the alphabet {1, . . . , g}. The generalization allows the same letter to appear in multiple boxes in the tableaux, in a precise manner dictated by µ.
Definition 2.2.
A tableau is a µ-displacement tableau if, for any two boxes containing the same symbol j, the lattice distance between them is a multiple of µ j .
For consistency with [15, 20, 30, 31 , 32], we write our tableaux in the English style, beginning in the upper left and proceeding down and to the right 1 . The top row and leftmost column of a tableau are the 0 th row and column, respectively. We write t(x, y) for the value appearing in column x and row y of the tableau t.
2.2.
Coordinates on Γ and its Picard group. A chain of cycles with torsion profile µ has a natural system of coordinates, obtained from the coordinates on each cycle [43] . On the cycle γ j , let ξ j denote the point located ξm j units from w j in the counterclockwise direction. Note that the points v j and w j are equal to −1 j and 0 j , respectively, and a 1 j = a 2 j if and only if a 1 ≡ a 2 (mod µ j ).
The Jacobian of Γ can be identified with the product of the cycles and has a system of coordinates induced from Γ, as do the higher degree Picard groups. In particular, any divisor of degree d on Γ is equivalent to a unique divisor of the form
ξ j j for real numbers ξ j . By uniqueness, we may think of ξ j as a function on the Picard group Pic(Γ). This function is not linear on divisor classes. However, as noted in [43, Remark 3.5] , the functioñ
is linear. This is an immediate consequence of the tropical Abel-Jacobi Theorem [10] . We will make frequent use of both ξ j andξ j throughout the text.
For a µ-displacement tableau t, we define a subtorus of the d th Picard group of Γ as
If j does not appear in the tableau t, then there is no restriction placed on ξ j . It follows that the dimension of T(t) is equal to the number of elements of the set {1, . . . , g} that do not appear in the tableau t. Moreover, if the number j appears in multiple boxes of the tableau t, then the value ξ j is nevertheless well-defined modulo µ j , by the definition of a µ-displacement tableau. The main result of [43] is that W r d (Γ) = T(t), 1 In [43, 44] , Pflueger uses the French notation for tableaux, beginning in the bottom left. Similarly, in [20] and subsequent papers, the tableau corresponding to a divisor of rank r and degree d has r + 1 columns and g − d + r rows, but in [43, 44] this convention is reversed.
where the union is over all rectangular µ-displacement tableaux with r + 1 columns and g − d + r rows.
Lingering lattice paths.
A useful combinatorial tool to describe reduced divisors on the chain of cycles is the lingering lattice path, used heavily throughout [20] . Associated to a tableau t is a sequence of integer vectors p 0 , . . . , p g ∈ Z r defined as follows. Let e 0 , . . . , e r−1 denote the standard basis vectors in Z r , and let e r = (−1, −1, . . . , −1). We define
Remark 2.3. This definition of the lingering lattice path is easily seen to coincide with that of [20, Definition 4.3] in the case where the torsion profile µ is identically zero. There, p 0 is defined to be the vector (r, r − 1, . . . , 1), and p j is defined recursively via the formula
When µ is identically zero, the condition that j appears in column x can be satisfied by at most one value of x for each j. For simplicity, we define p j (r) = 0 for all j. By the definition of a tableau, we have p j (i) > p j (i + 1) for all i and j.
The relation between lattice paths and divisors on Γ is given by the following proposition. Proposition 2.4. Given a µ-displacement tableau t as above, let ξ 1 , . . . , ξ g be real numbers such that ξ t(x,y) ≡ p t(x,y)−1 (x) (mod µ j ). Then, for 0 ≤ i ≤ r, the divisors
are all equivalent, and are elements of T(t).
Observe that the sum above is over all j that are not contained in the i th column of the tableau t. In other words, D i has a chip on the j th cycle γ j if and only if j does not appear in the i th column of t.
Proof. By [43, Remark 3.5] , the functionξ j is a linear function on divisors. Let C ij denote the number of terms smaller than j that appear in the i th column of the tableau t. We computẽ
Since the right hand side does not depend on i, we see that D i ∼ D j for all i and j. Now, if t(x, y) = j, we have
Plugging this in, we obtainξ 
and if
then t(i, y) = j for some y.
The rank of such divisors in W r d (Γ) is established by the following lemma. Lemma 2.6. Let t be a µ-displacement tableau with r + 1 columns, and D ∈ T(t) a vertex avoiding divisor. Then D has rank exactly r.
Proof. By [43] , the divisor D has rank at least r. By definition, the divisor D r − rv 1 is effective, has at most one chip on each cycle, and no chips on any of the vertices v j or w j . It follows that
Unlike the case where Γ has generic edge lengths, not every component T(t) contains vertex avoiding divisors. If D is a divisor of rank r on Γ whose class is vertex avoiding, then D i is the unique effective divisor
Throughout, we will write D = D r , and ψ i for a piecewise linear function on Γ such that D + div(ψ i ) = D i . Note that ψ i is uniquely determines up to an additive constant, and for i < r the slope of ψ i along the bridge β j is p j (i). The function ψ r is constant, which justifies our convention that p j (r) = 0 for all j.
DEFORMATIONS OF MAPS: LOGARITHMIC AND TROPICAL
The proof of the main lifting theorems, as well as the analysis of generic chains of cycles in the following section, will use the geometry of logarithmic prestable maps to toric varieties [2, 17, 28] and their relationship to Berkovich geometry [45, 46, 50] . We provide a rapid overview of the relevant ideas, referring the reader to these references, as well as the surveys [3, 4] for further details.
3.1. Toric varieties, Artin fans, and tropicalization. Let T be a torus of rank r with character and cocharacter lattices M and N respectively. A complete fan ∆ in N R defines a proper toric variety Z which will always be considered to carry the canonical logarithmic structure coming from the toric boundary. The Artin fan of Z is the zero-dimensional logarithmic Artin stack defined by A Z := [Z/T ]. This Artin stack is logarithmicallyétale over Spec(C) and the logarithmic structure on Z is obtained via pulling back the structure on A Z via the quotient map [5, Section 2].
The analytic formal fiber Z , as defined by Thuillier [48, 50] , coincides with the Berkovich analytification since Z is complete and admits a continuous and proper tropicalization map
where ∆ is the compactified cone complex of the fan ∆, see [4, Section 2.6]. The work of Ulirsch [50] gives a stack theoretic enhancement, by identifying A Z with the complex ∆. Precisely, there is a commutative diagram of underlying topological spaces
where µ Z is an isomorphism.
Tropical curves, tropical maps, and moduli cones.
A prestable tropical curve is a 1-dimensional polyhedral complex Γ with real edge lengths and finitely many 2-valent vertices. It will be convenient for us to consider Γ as being non-compact, by deleting 1-valent vertices from the corresponding compact graph.
Definition 3.1. A tropical prestable map to ∆ is a continuous morphism Ψ : Γ → ∆, such that (A) The map Ψ is a morphism of polyhedral complexes, i.e. every polyhedron in Γ maps to a cone in ∆. (B) Upon restriction to any edge of Γ, Ψ has integral slope in ∆, taken with respect to a primitive integral vector in the direction of Ψ(e). (C) The map Ψ is balanced, i.e. at every point of Γ, the sum of outgoing slopes of Ψ is zero.
By forgetting the fan structure on ∆ and taking the minimal polyhedral complex structure on Γ, we obtain a continuous balanced map Γ → N R which is referred to as a parametrized tropical curve in much of the literature. We will refer to this as the underlying map of the prestable map Γ → ∆. Concretely, it is obtained by forgetting all bivalent vertices in Γ, replacing ∆ with its support, and considering the natural map between them. (C) For each edge e ∈ Γ, the cone σ e to which e maps, and the slope of Ψ(e) in σ e .
By a well-known construction [28, 45] , the collection of all tropical stable maps of a given identification of their combinatorial type with Θ = [Γ → ∆] is naturally parametrized by a polyhedral cone T Θ . We will refer to this as the moduli cone of tropical curves of type Θ. It may be considered as a deformation space of Ψ : Γ → ∆.
3.3. Logarithmic prestable maps. Given a proper toric variety Z, work of [2, 5, 28] produces moduli spaces L (Z) and L (A Z ) of logarithmic prestable maps to Z and A Z respectively. These are moduli stacks over the category of schemes. Given a map from a test scheme S → L (Z), by definition, one obtains a logarithmic structure (S, M S ) on the base scheme, a nodal, logarithmically smooth, S-flat curve C → (S, M S ) and an arrow C → Z in the category of logarithmic schemes. A map obtained as above is referred to as a minimal logarithmic prestable map. The terminology is meant to reflect that M S is the logarithmic structure on S with the the minimal restrictions that one can place in order to ensure that C → Z is a map in the logarithmic category. General, non-minimal, prestable logarithmic maps are obtained by pulling back a minimal family along a logarithmic morphism
By this description, the moduli space L (Z) parametrizes minimal logarithmic prestable maps to Z. Replacing Z by A Z one similarly obtains a moduli problem for (minimal) logarithmic prestable maps to the Artin fan.
For each minimal logarithmic prestable map [C → Z] over a geometric point, we obtain a combinatorial type for a tropical prestable map. The graph Γ is taken to be the marked dual graph of C. Given a vertex v ∈ Γ corresponding to a component C v , we take the cone σ v to be the cone corresponding to the stratum to which the generic point of C v maps. Each edge e of Γ corresponding to a node q ∈ C determines a cone σ e and a slope in it. Similarly, each infinite edge is also given a well-defined slope. We will have no reason to describe this type explicitly, so we refrain from describing this association in detail, see [45, 46] .
Tropical realizability.
The moduli space L (Z) is in general extremely singular. In contrast, we have the following result of Abramovich and Wise [5] .
Theorem 3.3. The stack L (A Z ) is a logarithmically smooth Artin stack in the smooth topology.
A concrete consequence of this is that given a point p ∈ L (A Z ), the complete local ring at p is a regular local ring tensored with C[[Q]], where Q is the monoid defining a toric variety. In fact, if Θ is the combinatorial type associated to p, Q is the dual monoid to the cone T Θ described previously. In the maximally degenerate cases that we consider here, the complete local ring at p will be isomorphic to
Notation 3.4. For the remainder of the paper, we will have no need to work with the global moduli space of logarithmic maps. Instead, we will fix a moduli point [C 0 → Z], which will always be clear from context, and understand L (Z) to be the deformation space of [C 0 → Z], and analogously for maps to A Z .
Despite its pathological singularity properties, the moduli space L (Z) carries a naturally perfect obstruction theory. By an observation of Abramovich and Wise, this perfect obstruction theory is obtained from the relative obstruction theory for the natural map L (Z) → L (A Z ). Below, we record a consequence of this fact.
Consider a one-parameter family of logarithmic prestable maps C → Z over a valuation ring Spec(R). By [46, 50] , the skeleton Γ associated to the degeneration C maps onto the skeleton ∆ of Z. Passing to the subset of Γ that maps to ∆, we obtain a tropical prestable map. Since the analytic formal fiber of L (Z) consists of equivalence classes of degenerations of maps over valuation rings, this furnishes a set theoretic tropicalization map L (Z) → T Θ . The following is a local version of [45, Theorem D] . The crux is that analytically locally near highly degenerate prestable maps, one may think of L (Z) → L (A Z ), up to smooth factors, as being the inclusion of a subvariety of a toric variety. In the next section, we consider a situation where L (Z) is smooth over L (A Z ). In Section 8, we consider a more complicated setting, where the image of L (Z) in L (A Z ) is singular, but in a controllable fashion.
LIFTING DIVISORS ON A GENERIC CHAIN OF CYCLES
By the results of [20, 30] , the chain of cycles with generic edge lengths may be thought of as a tropical incarnation of a Brill-Noether-Petri general curve. Together with specialization and tropical independence, this establishes the classical Brill-Noether and Gieseker-Petri theorems. A key combinatorial ingredient in these papers is the classification of special divisors on the generic chain of cycles, due to Cools, Draisma, Payne, and Robeva. Subsequent work in this area, including work on the maximal rank conjecture [31, 32] , relies on an appropriate lifting theorem for such special divisors [15] . In this section, we prove the following. Note that for general graphs Γ that do not stabilize to the chain of cycles, there are more exotic ways for maps to be superabundant than having cycles contained in hyperplanes. See [18, 
is a chain of g cycles, and that Ψ is non-superabundant. Let R be a valuation ring extending C and f : C → A Z be any logarithmic prestable map over Spec(R) whose tropicalization is Ψ. Then, f factors as
Proof. Let ∆ be any complete fan in R r defining a toric variety Z. After subdivision, this determines a prestable tropical map Γ → ∆ of combinatorial type Θ. We momentarily assume that [Γ] has integer edge lengths. Since Γ is at most trivalent, by a standard construction, see [18, 
. By replacing this degeneration with a toroidal modification, we may assume that Z is a toroidal modification of the trivial degeneration Z ⊗C [[t] ]. Composing C ′ 0 → Z with this map, we obtain a logarithmic prestable map [C ′ 0 → Z] over Spec(N → C). By the universal property of minimality, there is a natural factorization
where
may now be discarded, and we work with [C 0 → Z]. When Γ has general edge lengths, we simply choose a tropical map with integer edge lengths in the same combinatorial type as Ψ to construct the minimal map above.
Note that the first term encodes the infinitesimal logarithmic deformations of C 0 , the second encodes obstructions to deforming the map fixing the curve, and the final term is the absolute obstructions of the map and curve. By [18, Section 4] , the non-superabundance of Ψ forces surjectivity of the first arrow above. By exactness, it follows that Ob([f 0 ]) = 0. A standard argument implies that the space of maps is logarithmically smooth at [f 0 ]. We include the argument for completeness. By semicontinuity for the rank of the obstruction group, there is an open set U in L (Z) containing [f 0 ] where the obstruction space vanishes. Let E • denote the relative obstruction theory of L (Z) → L (A Z ). It follows from unobstructedness of maps in U that the complex E • has locally free cohomology in degree 0 and vanishing cohomology in degree −1, on U . By the definition of a perfect obstruction theory, the logarithmic cotangent complex L log L (Z) also has locally free cohomology in degree 0 and vanishing cohomology in degree −1, on U . It follows from the above calculation that L (Z) → L (A Z ) is smooth. The result follows by applying the infinitesimal lifting criterion for smoothness to this map, possibly after Noetherian approximation.
Remark 4.4. Note that Cheung, Fantini, Park, and Ulirsch show the existence of a family of curves in Z tropicalizing to any given non-superabundant map Γ → R r , see [18] . It does not, a priori, follow that every family of maps to A Z with the correct skeleton admits factors through Z, with such a tropicalization. It is in this sense that the result above is a strengthening of the one in [18] . Note that although we have phrased the result for chains of cycles, the analogous results hold, with cosmetic changes, for any non-superabundant combinatorial type. Note also that the trivalence in the above theorem is used only to construct the special fiber of the family. In fact, only a weaker hypothesis is needed to do so in [18] .
In order to prove Theorem 4.1, it suffices to construct a non-superabundant map Ψ : Γ → P r trop such that the hyperplane class is equivalent to the chosen divisor D. This is done as follows. Let D be a vertex avoiding divisor on Γ with corresponding tableau t and lattice path p. We perform a tropical modification to Γ, i.e. we append trees to Γ, in the following manner. For each index i, and every j that does not appear in the i th column of the tableau, we attach an infinite ray to the j th cycle based at ξ j − p j−1 (i) j . In other words, we attach an infinite ray at the point of the j th cycle in the support of D i . By our assumptions that D is vertex avoiding and that the edge lengths are generic, no two of these rays are based at the same point, and no ray is based at v j or w j for any j. We also attach infinite rays based at v 1 and w g .
Recall from the end of Section 2 that given a vertex avoiding divisor D on Γ of rank r, there exist canonical piecewise linear functions ψ 0 , . . . , ψ r , which carry D to each of its distinguished representatives D 0 , . . . , D r .
Consider the map Ψ : Γ → R r given by
Note that the infinite rays of Γ map to translates of the r coordinate vectors e 0 , . . . , e r−1 and e r = (−1, −1, . . . , −1), so the map Ψ extends to a map to tropical projective space. More specifically, if an infinite ray is based at a point in the support of D i , then it is a translate of the vector e i . We now consider the linear span of each cycle of Ψ(Γ). Proof. By the balancing condition, we see that the span of each cycle is equal to that of the infinite rays based at that cycle, plus that of the two bridges emanating from that cycle. The infinite rays based at the j th cycle are translates of the the vectors e i for all i such that j does not appear in the i th column of the tableau. By genericity of the edge lengths, the number j can appear in at most one column of the tableau. It follows that translates of at least r of the vectors e 0 , . . . , e r are based at the j th cycle. Since any r of these vectors are linearly independent, we see that each cycle spans the entire space R r .
Proof of Theorem 4.1. Let D be a vertex avoiding divisor on Γ, and Ψ : Γ → P r trop the corresponding map. By Proposition 4.5, the image of each cycle in Ψ(Γ) spans R r . Therefore, by Theorem 4.3, there exists a smooth curve C of genus g over a non-archimedean extension of C and a map F : C → P r such that the tropicalization of F is Ψ. The map F is given coordinatewise by
where trop(f i ) = ψ i . Note that the functions ψ i are tropically independent by the remark following [32, Notation 4.3], hence the functions f i are linearly independent, and the map F is nondegenerate. It follows that F ⋆ O P r (1) is a divisor of rank at least r on C whose tropicalization is D.
The main result of [20] is a new proof of the Brill-Noether theorem, using tropical techniques. The argument proceeds by considering a chain of cycles Γ with generic edge lengths, and letting C be a curve over a valued field whose tropicalization is Γ. Together with [29, Theorem 6.9], Baker's specialization lemma [8] 
, we obtain the upper bound on dim W r d (C). To obtain a lower bound, the authors use the results of Kempf and Kleiman-Laksov [34, 35] , who establish this result by a study of the degeneracy locus of a map of vector bundles on the Picard variety. Using Theorem 4.1, we can provide a proof that does not rely on the results of Kempf and Kleiman-Laksov. Together with the results of [20] , this completes a "purely tropical" proof of the Brill-Noether theorem. The proof above would be more natural if there were a natural tropicalization map on W r d itself, or on the universal Picard variety. In lieu of this, we have had to work with the universal symmetric power.
Proof.
By the discussion above, we have dim W r d (C) ≤ ρ(g, r, d). It suffices to prove the reverse inequality. Let C → M g be the universal curve and let W r d be the universal W r d over M g , parameterizing pairs (C, [D]) where C is a curve of genus g and [D] is a divisor class on C of degree d and rank at least r. We will use a dimension estimate on W r d ⊂ Sym d (C ), the subset of the universal symmetric product, parametrizing pairs (C, D) where C is a curve of genus g and D is a divisor on C of degree d and rank at least r. This is the inverse image of W r d in the map from the universal symmetric power to the universal Picard variety. Let [Sym d (C )] be the d th stack symmetric fibered power of the universal stable curve over M g . As a stack, we may take anétale cover by the d-fold fiber product of the universal stable curve C over M g . This stack is logarithmically smooth (toroidal) in theétale topology and the forgetful morphism to M g is logarithmically smooth (toroidal).
EXTENDED EXAMPLE: TRIGONAL CURVES OF GENUS 5
As an example of what is to follow, we describe the Brill-Noether theory of a general trigonal curve of genus 5. We show that such a curve has a divisor of degree 5 and rank 2, and a divisor of degree 8 and rank 4. The results of this section can be obtained entirely via classical techniques. Indeed, these facts follow directly from the Riemann-Roch theorem. Nonetheless, we develop the theory using chains of cycles to foreshadow and motivate the approach of the later sections.
Let Γ be a chain of 5 cycles with torsion profile
The graph Γ is trigonal with the divisor E = 3v 3 having rank 1. Figure 3 depicts the divisor E 1 (in white) and the divisor E 0 (in black), together with the function ϕ 0 such that div ϕ 0 = E 0 − E 1 . We label the slopes of ϕ 0 , going from left to right, on the bridges and bottom edges. All other slopes are either 0 or 1. The canonical divisor class is the unique divisor class K ∈ T(t), where t is the tableau pictured in In this case, the map Ψ : Γ → P 4 trop defined in Section 4 is superabundant in the sense of Definition 4.2. In particular, the image of the central cycle γ 3 only spans a plane in R 4 . To see this, note that the bend locus of Ψ on this cycle is supported at the three points −1 3 , 0 3 , 1 3 , and the linear span of 3 points is at most 2-dimensional. For this reason, the argument of Section 4 does not apply, and we cannot show directly that the map Ψ lifts.
To overcome the difficulty in showing that Ψ lifts, we use the fact that the canonical embedding of a trigonal curve factors through a map to a rational normal surface scroll. Concretely, any three points whose sum is in the class of the g 1 3 are collinear in the canonical embedding, and the union of these lines over all such divisors is the image of the scroll. Instead of lifting the map Ψ above, we will construct a map from Γ to the tropicalization of this scroll, and show that this map lifts. In the case of a trigonal curve of genus 5, the scroll in question is the first Hirzebruch surface F 1 .
To construct a map to F 1 , we consider the divisors K(−1) = K − E and K(−2) = K − 2E, whose corresponding tableaux t(−1) and t(−2) are depicted in Figure 5 . Note that t(−1) has 2 fewer columns and 1 more row than t. The entries in the second row agree with those in the first row of t, shifted by a knight's move. Similarly, t(−2) has 2 fewer columns and 1 more row than t(−1). The entry in the last row agrees with that in the last row of t(−1), shifted by a knight's move.
The divisor K(−2) is rigid. Its restriction to γ 1 ∪ γ 2 is equal to that of K 0 , and its restriction to γ 3 ∪ γ 4 ∪ γ 5 is equal to that of K 4 . Similarly, the divisor K(−1) has rank 2, and the restriction of K(−1) i to γ 1 ∪ γ 2 is equal to that of K i , while its restriction to γ 3 ∪ γ 4 ∪ γ 5 is equal to that of K i+2 . We let ψ i be a piecewise linear function such that div ψ i = K(−1) i − (K(−2) + E 1 ). These divisors and functions are pictured in Figure 6 . As before, the divisor K(−2) + E 1 is pictured in white, and the divisor K(−1) i is pictured in black. We now define a function Ψ :
The image of this map is pictured in Figure 7 .
The map Ψ is still superabundant -it maps the first and last cycles γ 1 and γ 5 to line segments. In this situation, we may nevertheless apply the results of Section 8 to show that the map lifts provided that a certain combinatorial condition (naive well-spacedness) holds on the edge lengths of the trees attached to Γ. We conclude that there exists a curve C of genus 5 over a non-archimedean field and a map F : C → F 1 specializing to Ψ. Taking D to be the preimage on C of the (−1)-curve on F 1 , we see that D is effective, and since D specializes to K(−2), it has rank exactly 0. The divisor D + g 1 3 is then the pullback of the hyperplane class from the map F 1 → P 2 that contracts the (−1)-curve. From Figure 7 , we see that the image of this map is not contained in a line, and D + g 1 3 therefore has rank at least 2. By the basepoint free pencil trick, it follows that D + 2g 1 3 has rank at least 4. 
MAPS TO SCROLLS
We now attempt to generalize the argument of Section 4 to special chains of cycles. As seen in Section 5, the argument does not generalize directly, for the following reason: if the symbol j appears in the tableau and the j th torsion order µ j is nonzero, then the image of the j th cycle under the map Ψ spans a linear space of dimension at most µ j − 1. As such, if r ≥ µ j , then Theorem 4.3 does not apply. Our main observation is that, if a general curve of fixed gonality admits a divisor of high rank, then the corresponding map to P r factors through a map to a lower dimensional scroll. Rather than constructing a map from Γ to tropical projective space, we instead construct a map to a tropical scroll. In this section, we describe the basic theory of maps to scrolls.
Fix integers a ≥ 1, b ≥ 0. To simplify notation, we will write S(a, b) for the balanced scroll
We write π : S(a, b) → P 1 for the natural map to P 1 , and n = a + b for the dimension of S(a, b).
The scroll S(a, b) is a toric variety, and its fan Σ(a, b) is described in [23, Example 7.3.5]. We recall this description. In R n , we let u 1 denote the first coordinate vector and e 1 , . . . , e n−1 the remaining coordinate vectors. We let e 0 = − n−1 i=1 e i and u 0 = −u 1 − n−1 i=b e i . The maximal cones of Σ(a, b) are the 2n cones spanned by one of the two vectors u 0 , u 1 and all but one of the vectors e 0 , . . . , e n−1 .
2
For the sake of clarity, we describe the degenerate cases. If b = 0, then the scroll S(a, 0) is a product of projective spaces, and the vector u 0 is simply −u 1 . If both b = 0 and a = 1, then the scroll S(1, 0) is just P 1 , and the only rays of the fan are u 1 and u 0 = −u 1 .
As shown by Cox, every smooth toric variety X Σ can be viewed as a fine moduli space for collections of line bundles and sections with trivialization data. Families of such collections are defined in the natural manner, and the scheme X Σ is a fine moduli space for isomorphism classes of Σ-collections. In other words, a map Y → X Σ is given by the same data as a Σ-collection on Y .
In the case where C is a curve and Σ = Σ(a, b) is the fan of a balanced scroll, a Σ-collection on C simplifies to the following data:
(1) Two line bundles D and E; (2) Two sections s 0 , s 1 ∈ H 0 (C, E) that do not simultaneously vanish at any point. We say that a map F : C → S(a, b) is nondegenerate if it is nondegenerate under its composition with the natural embedding of S(a, b) in P n+b−1 given by O S(a,b) (1) ⊗ π ⋆ O P 1 (1). Equivalently, the map F is nondegenerate if the sections
are linearly independent.
Proposition 6.2. Let C be a curve of gonality k, and let E denote a divisor of degree k and rank 1. If C admits a nondegenerate map to S(a, b) with
Proof. Suppose that C admits a nondegenerate map to a scroll S(a, b). Then, by the description above, there exist n + b linearly independent sections in H 0 (C, D) and b linearly independent sections in H 0 (C, D − E), so D has rank at least n + b − 1 and D − E has rank at least b − 1.
The following proposition is a partial converse to Proposition 6.2.
Proposition 6.3. Let C be a curve of gonality k, and let E denote a divisor of degree k and rank 1. The curve C admits a nondegenerate map to S(a, b) with π ⋆ O P 1 (1) = E if there exists a divisor D on C with the following properties:
2 In the notation of [23] , the fan described here is actually that of the projectivization of the dual vector bundle. We prefer our projectivizations to parameterize one-dimensional quotients, rather than one-dimensional subspaces.
Proof. Let s 0 , s 1 be a basis for H 0 (C, E), and let f 0 , . . . , f b−1 be a basis for H 0 (C, D − E). By the basepoint free pencil trick, we have an exact sequence
It follows that the righthand map is injective, so the functions s i f j ∈ H 0 (C, D) are linearly independent. Letting f b , . . . , f n−1 ∈ H 0 (C, D) be an extension of this linearly independent set, we obtain a nondegenerate Σ(a, b)-collection on C. The result follows.
Geometrically, this is very similar to the case of trigonal curves described in Section 5. If we consider the image of C in P n+b−1 under the (possibly incomplete) linear series in |D| described above, then any k points whose sum is in the class of E span a projective space of dimension n − 1. The union of these projective spaces is the image of the scroll S(a, b).
In the situation of Proposition 6.3, we can obtain divisors of large rank simply by adding multiples of the divisor E. 
Proof. We prove, by induction on m, that
The case m = 0 is given. By the basepoint free pencil trick, we have the exact sequence
where the second inequality holds by the inductive hypothesis.
SCROLLAR TABLEAUX
In this section and in Section 9, we fix an integer k ≥ 2 and consider a chain of cycles Γ with torsion profile
In this section, we analyze in detail the combinatorics of certain divisors on Γ. There are many reasons to think that Γ should behave like a general curve of gonality k. Note in particular that the moduli space of such graphs has dimension 2g − 5 + 2k, equal to that of the k-gonal locus in M g , and each admits a harmonic degree k morphism to R with vanishing Riemann-Hurwitz obstruction [6, 43] . Throughout, we write E = kv k , which is a divisor on Γ of degree k and rank 1.
As in Section 2, we define the divisor E i to be the unique divisor equivalent to E such that
We let ϕ i be a piecewise linear function such that div ϕ i = E i − E 1 .
Given this torsion profile µ, we consider µ-displacement tableaux of the following form. An example of such a tableau appears in Figure 8 . Note that the boxes in the first n columns necessarily contain distinct numbers, as do the boxes in the last k − n rows. The remaining boxes contain symbols that appear in this L-shaped region. 1 2 3 7 8 9 13 14 4 5 6 10 11 12 16 17 7 8 9 13 14 15 19 20 10 11 12 16 17 18 22 If t is a scrollar tableau of type (a, b) with r + 1 columns and s rows, define t(−1) to be the tableau with r + 1 − n columns and s + (k − n) rows defined as follows:
An example of such a tableau appears in Figure 9 . Note that t(−1) is the union of the first r + 1 − n columns of t and the last r + 1 − n columns of t, translated to the left n units and down k − n units. This union is well-defined by the definition of a scrollar tableau. This operation is invertible unless t(−1) has fewer than n columns, in which case one cannot recover the middle a columns of the tableau t from the tableau t(−1).
Our interest in these tableaux is illustrated by the following proposition.
Proposition 7.2. Let t be a scrollar tableau of type (a, b), and let D ∈ T(t). Then D − E ∈ T(t(−1)).
Moreover, D − E is equivalent to the divisor D(−1) i that agrees with D i on j<k γ j and agrees with D i+n on j≥k γ j {v k }.
Proof. Suppose that t has r + 1 columns and s rows. Then the degree of any divisor in T(t(−1)) is equal to 1), where t is the tableau depicted in Figure 8 .
Next, recall that the functionξ j is a linear function on divisors. It is easy to see that
We therefore see that D − E ∈ T(t(−1)). Proof. Since D is sufficiently general, we may restrict our attention to those cycles γ j such that j appears in the tableau t. Note that the tableau t(−m + 1) contains the same symbols as t. Suppose that the number j appears in column x of the tableau t(−m + 1), and let p be the lingering lattice path corresponding to the tableau t(−m + 1). Since p j (i) > p j (i + 1) for all i and p j (a − 1) = k + p j (n + b − 1), we see that the values p j (i) are distinct mod k for a ≤ i ≤ n + b − 1. It follows that ξ j − p j−1 (i) = 0 (mod k) for all i = x. Similarly, since the values of p j+1 (i) are distinct mod k, we have
To see that r(D(−m − 1)) = −1, note that no box in row (k − n) − 1 of t may contain an integer smaller than k. It follows that 
In particular, there exists a scrollar tableau t with r + 1 rows and s columns such that
Proof. It suffices to show that the number of distinct symbols in the tableau t is
Note that each box in the first n columns of t contains a distinct symbol, as does each box in the last k − n rows. All other symbols appearing in the tableau t occur in one of the boxes in this L-shaped region. It follows that the number of distinct symbols in t is
Let t be a scrollar tableau of type (a, b) with r + 1 columns, and let D ∈ T(t) be sufficiently general. Let m = ⌊ Proof. It suffices to show that these functions have distinct slopes σ k−1 along the bridge β k−1 . If p is the lingering lattice path corresponding to the tableau t(−m + 1), then we have
Since p k−1 (i) > p k−1 (i + 1) for all i, we see that all of these slopes are distinct.
A LIFTING RESULT FOR MAPS TO TORIC VARIETIES
In this section, we prove our main tropical lifting result, Theorem B, for tropical stable maps from chains of cycles. Once the lifting result has been established, an analysis of piecewise linear functions in linear systems on special chains of cycles, in the spirit of [30, 32] , gives us the desired lifting for divisors. This is carried out in the next section.
8.1. Strategy. As the proof will pass through several reductions, we begin with an outline of the general strategy. Given a tropical map Γ → R r , we choose a complete fan ∆ supported on R r . After a subdivision of Γ, we interpret the map Γ → ∆ of polyhedral complexes as encoding logarithmic, or "zeroth" order, deformation data of a marked nodal curve C 0 mapping to the toric variety Z defined by ∆. As we have seen previously, Γ → ∆ determines a single point in a moduli cone T Θ parametrizing tropical stable maps to ∆ with the given combinatorial type. Recall that on the algebraic side, there is a moduli space L of deformations of the map C 0 → Z, and the analytic formal fiber L admits a continuous tropicalization map trop : L → T Θ by work of the second author [45] .
We must determine when the chosen moduli point Γ → ∆ lies in the image of this tropicalization map. By the general machinery of perfect obstruction theories in the logarithmic setting, the deformation space L is cut out of the formal toric variety defined by the cone T Θ , by equations corresponding to the obstructions 3 . The strategy is to place sufficient hypotheses on Γ → R r to detect the tropicalizations of these equations, thus characterizing the image of the tropicalization map above. For the chains of cycles, as previously discussed, obstructions appear when deforming characters that are orthogonal to the cycles. Our hypotheses ensure that these obstructions can be analyzed "cycle-by cycle" and "character-by-character", see Assumption 8.1.
Throughout, we use the birational invariance properties of logarithmic stable maps [5] , which ensures that we may perform toric modifications to the toric variety at various points in our analysis without changing the realizable locus in T Θ . Together with the combinatorial interpretation for the obstruction space, given by Cheung, Fantini, Park, and Ulirsch [18, Section 4] , this allows us to present the space of maps to Z as a logarithmically smooth fibration over a space of maps to a product of projective lines. In turn, this can be studied as a fiber product of spaces of maps to P 1 . It is a special property of the chain of cycles, and in fact of our specific geometry, that the obstructions to tropical lifting all arise from lifting characters.
The spaces of maps to P 1 can be analyzed using Berkovich analytic techniques. Our hypotheses will be such that adjacent parts of the cycle can be lifted independently of each other via Speyer's results [47] , and these analytic lifts are pasted together using the gluing procedure of Amini, Baker, Brugallé, and Rabinoff [6] . Via lifting theorems for tropical intersections, the analysis on each P 1 characterizes a set of tropical curves in T Θ for which all obstructions vanish, and we obtain the requisite realizability theorem.
Statement of the lifting criterion.
Let T be an algebraic torus of dimension r with character lattice M and cocharacter lattice N . We write N R for Hom(M, R). Our primary interest will be in curves of the following form. Well-spacedness in genus 1 is a sufficient condition for realizability by work of Speyer [47] . We refer to the above form of well-spacedness for the chain of cycles as "naive" because to expect realizability of such curves assumes that there are no further obstructions than the ones contributed by each cycle individually. Our main result of this section is that, if the map satisfies Assumption 8.1, then naive well-spacedness is a sufficient condition for lifting. Note that Theorem B follows immediately from this result, by passing to the open subscheme of C that maps to the dense torus of Z.
8.3.
Maps to the projective line. In this subsection, we establish the lifting theorem for the special case of maps to P 1 . The result is proved via a reduction to the genus 1 case, using semistable vertex decompositions for morphisms of analytic curves. The reader is encouraged to think of this as a non-archimedean analytic analogue of building a map to P 1 by cutting source and target along simple closed curves, building a collection of maps, and then gluing them together. Fix Γ i → I i . We claim that there exists a (non-proper) Berkovich analytic curve E i over a nonarchimedean field K extending C, with a map to a Berkovich analytic (generalized) annulus A i , in the sense of [11] , whose tropicalization is Γ i → I i . To see this, extend the bounded 1-valent vertices of Γ i and I i to infinite edges. This produces a tropical map Γ i → R. By Speyer's well-spacedness condition [47, Theorem 3.4] , there exists a punctured elliptic curve E i and an invertible function E i → G m whose tropicalization is Γ i → R. That is, we have a commutative diagram
where the horizontal arrows are projections to skeletons. The preimage of I i ⊂ R under the tropicalization map yields an annulus A i , while the preimage of Γ i ⊂ Γ i in E an i yields the desired analytic curve E i .
Repeat this process for all indices i corresponding to genus 1 graphs with a contracted cycle. For the remaining i, the maps are lifted in analogous fashion. Note that there are no obstructions to lifting these maps [6, 16] . This process produces a collection of maps from analytic curves to star shaped neighborhoods in G an m , in the sense of [6, Definition 6.2] . These local liftings can be pasted together along annuli trop −1 (I j ∩ I j+1 ) via the procedure of [6, Section 7.2] . After compactifying, this produces a map of proper analytic curves C an → P 1 an whose tropicalization is Γ → R. By nonarchimedean GAGA, this map algebraizes, and we conclude that [Γ → R] is realizable provided it is well-spaced. Since Γ is assumed to be trivalent, the converse follows from the necessity of well-spacedness in the genus 1 case [12, Theorem 6.9].
Maps to toric targets.
To extend the result from target P 1 to a general toric target Z, we express the locus of curves admitting the necessary map to Z as an intersection of loci of curves admitting maps to P 1 and then tropicalize this intersection. By a well-known tropical lifting theorem of Osserman and Payne, the tropicalization of the intersection can be computed as the intersection of the tropicalizations. We use the following fact throughout, which can be proved by hand, or alternatively follows immediately from [5, Section 4] . We now specialize to the chain of cycles geometry. Let Θ = [Γ → ∆] be a combinatorial type for a tropical stable map satisfying Assumption 8.1 and let T Θ be the associated moduli cone. Let χ j ∈ M be the primitive character orthogonal the cycle γ j , noting that some of these χ j may coincide or be 0 if the cycle spans N R . Note that by the assumption, there is at most one such nonzero character for each cycle. Since we may replace Z with a modification, we assume that the characters induce a morphism
Interpreting a character as a map N R → R, this also induces a map ∆ → R g . By composition, this produces from Θ a new combinatorial type Υ = [Γ → R g ]. Here R g is given the structure of the fan of (P 1 ) g . Proof. Fix a minimal logarithmic stable map
where the right vertical is induced by χ j , and the bottom arrow is the induced map to the Artin fan. The moduli space L (A g P 1 , χ j ) parametrizes families of maps to A g P 1 together with a compatible lift of the j th projection to P 1 . To simultaneously lift all the projections, observe that we have a natural morphism
. The image of the formal fiber of this fiber product under the map
. By the discussion in Section 3.4, the tropicalization of this intersection is the locus of realizable curves in T Υ . On the other hand, by Theorem 8.4, the image of
is the locus of maps in T Υ such that all cycles orthogonal to the character χ j are naively wellspaced. Assume that χ j is nonzero. By the Riemann-Hurwitz formula for maps to P 1 , we see that the codimension of the locus of maps in L (A g P 1 ) where the j th projection lifts is equal to the number of cycles in Υ that are contracted by χ j . For two non-zero characters. On the other hand, for nonzero χ j1 and χ j2 , the codimension of the intersection
, is equal to the number of cycles that are contracted by either χ j1 or χ j2 . As a result, the tropicalizations of all L (A g P 1 , χ j ) intersect properly in T Υ , i.e. in the expected codimension. We may apply [41, Theorem 1.1] to conclude that tropicalization commutes with intersection on the locus where the vertices of Γ have valence at most 3. It follows that the realizable locus coincides with the naively well-spaced locus, as desired.
Let Θ continue to be the combinatorial type chosen at the beginning of this section, and Υ = [Γ → R g ] the map induced by projections orthogonal to the characters. From the above proposition, we may lift each of the projections induced by the characters χ 1 , . . . , χ g to the same curve. However, these characters need not span a rank g sublattice of M . The following proposition guarantees that the relations between these characters do not provide any further obstructions to lifting. The sublattice generated by Proof. The characters χ 1 , . . . , χ g determine a short exact sequence of cocharacter lattices
where the dual lattice of L is generated by χ 1 , . . . , χ g in M . By birational invariance, we may assume that the surjection above is induced by a dominant equivariant toric morphism
where Z H is an equivariant compactification of the quotient torus of G g m determined H. Choose minimal logarithmic map [f 0 : C 0 → (P 1 ) g ] whose combinatorial type is Υ. The morphism above induces a map on local moduli spaces (i.e. of logarithmic deformation spaces)
Let C → (P 1 ) g be a flat family of minimal logarithmic stable maps over an irreducible base scheme S, containing [C 0 → (P 1 ) g ]. Every fiber in the induced family of maps C → (P 1 ) g → Z H contracts the source curve to a point. To see this, first observe that, by construction, the combinatorial type induced by composing Υ with R g → H R contracts the source graph. Thus, the contact orders of [C 0 → Z H ] with the toric boundary are all trivial. Since Z H is a proper toric variety, C 0 must be contracted. Contact orders are locally constant in flat families, so the same is true for every map parametrized by S. It follows that we have a morphism
sending a family of maps to the family of points in Z H to which the source curves are contracted. The moduli space of maps L (Z L ) is the scheme theoretic fiber α −1 (1) of the identity in the dense torus of Z H . By functoriality of tropicalization for logarithmic schemes, the tropicalization of α −1 (1) , is the locus of tropical maps in T Υ that lie in the fiber above zero of the induced map T Υ → ∆ H . By the proposition above, this in turn coincides with the locus of maps Γ → ∆ L that are naively well-spaced, and the result follows.
We now conclude the proof of the lifting theorem. It remains to show that we may lift the complementary characters to χ 1 , . . . , χ g without further obstructions. Since the complementary characters are precisely those that are orthogonal to none of the cycles, this follows from the results of Section 4. The formal argument is given below. Theorem 8.3 . Let Γ → ∆ be a naively well-spaced tropical stable map satisfying Assumption 8.1. Let [C 0 → Z] be a minimal logarithmic stable map with combinatorial type the same as that of Γ → ∆. As in the preceding discussion, let L R be the quotient of N R dual to the subgroup generated by χ 1 , . . . , χ g . Choose a splitting N ∼ = L ⊕ L ′ . By the birational invariance of Lemma 8.5, we may assume that ∆ is of product type
Proof of
The reader may think of this moduli space as parametrizing maps to the Artin fan, C → A Z , together with a lift of the projection to A Z L to the toric variety Z L .
The logarithmic tangent bundle of Z L ′ is naturally identified with the trivial vector bundle 
Since Γ → ∆ is naively well-spaced, an application of Proposition 8.7 guarantees the existence of a family of logarithmic maps C → Z L whose tropicalization is Γ → ∆ L . By the paragraph above, this lifts to a family C → Z over a valuation ring whose tropicalization is Γ → ∆. The result follows.
LIFTING DIVISORS ON A k-GONAL CHAIN OF CYCLES
We now return to the chain of cycles Γ with torsion profile as specified in Section 7. Throughout this section, we consider scrollar tableaux t with the additional property that they have no vertical steps. That is, t(x, y + 1) = t(x, y) + 1 for all x, y.
Note that such tableaux exist as long as n > 1. When n = 1, the scroll S(1, 0) is just P 1 and the argument below will work without this assumption. We let D ∈ T(t) be a sufficiently general divisor. We let m = ⌊ r+1 n ⌋ and write p for the lingering lattice path corresponding to the tableau t(−m + 1).
As in Section 4, we modify the graph Γ as follows. For every point in the support of div ϕ i or div ψ i , we attach a tree, trivalent away from the attaching point, based at this point. The trees are based at the points j j and −j g+2−j for j < k, and ξ j − p j−1 (i) j for every i and every j that does not appear in the i th column of the tableau t. The number of leaves of each tree is equal to the number of divisors that contain that point in their support. Note that, since D(−m) is vertex avoiding, none of these trees are based at v j or w j for any j. Attach infinite rays based at v 1 and w g . In a mild abuse of notation, we continue to denote the modified graph by Γ.
We now construct a map Ψ : Γ → R n . If b = 0, the map is defined by
Otherwise, the map is given by a + b piecewise linear functions
If b = 1, then the list of functions ψ 0 , . . . , ψ b−2 should be taken as the empty collection. Note that, in the case a = 1, b = 0, we have Ψ = ϕ 0 . The function above has been defined on the chain of cycles itself. By enforcing the balancing condition, it is uniquely determined on the trees attached to each cycle. By construction the unbounded edges of Γ are parallel to the rays of the fan of S(a, b). We now consider the span of the edge directions in each cycle. Proposition 9.1. Let γ j ⊂ Γ be the j th cycle of Γ. Proof. By the balancing condition, the span of each cycle Ψ(γ j ) is equal to that of the roots of the trees based at that cycle, plus that of the two bridges emanating from that cycle. To match the notation of Section 6, we let u 1 denote first coordinate vector in R n , and e 1 , . . . , e n−1 the remaining coordinate vectors. We will write e 0 = − n−1 i=1 e i and u 0 = −u 1 − n−1 i=b e i . First consider cycles γ j where k ≤ j ≤ g−k+1. Since p j (i) > p j (i+1) for all i and p j (a−1) = k+ p j (n+b−1), the values p j (i) are distinct mod k for a ≤ i ≤ n+b−1. It follows that there are at least n−1 infinite rays attached to γ j that are all based at distinct points. These infinite rays are translates of n − 1 of the vectors e 0 , . . . , e n−1 . Since any n − 1 of these vectors are linearly independent, we see that the span of Ψ(γ j ) contains the span of e 1 , . . . , e n−1 . The two bridges emanating from the cycle are translates of the vectors (k, p j−1 (n), . . . , p j−1 (n + b − 2), p j−1 (b), . . . , p j−1 (n − 1)) and (k, p j (n), . . . , p j (n + b − 2), p j (b), . . . , p j (n − 1)). Since the first coordinate is k = 0, the span of Ψ(γ j ) is the whole space R n .
Next, consider the cycles γ j where j ≥ g − k + 2. If none of the divisors div ψ i contain the point j − (g + 2) j in their support, then there are at least n infinite rays attached to γ j that are all based at distinct points. One of these infinite rays is a translate of the vector u 1 , and the remaining ones are translates of e 0 , . . . , e n−1 . Since any n of these vectors is linearly independent, the cycle spans the whole space.
On the other hand, at most one of the divisors div ψ i may contain the point j − (g + 2) j in its support. In this case, there are at least n − 2 infinite rays attached to γ j that are all based at distinct points, and one tree based at j − (g + 2) j with two leaves. The root of the tree is a translate of the vector e y + u 1 for some y. The remaining rays are translates of e 0 , . . . , e y , . . . , e n−1 . Since these vectors are linearly independent, the span of Ψ(γ j ) has codimension at most one. In the case where it has codimension exactly one, we have p j − p j−1 = e x − u 1 for some x, and the span does not contains a translate of the vector e x , or of the vector e x + u 1 .
To see that any two consecutive cycles span the whole space, consider the span of Ψ(γ j−1 ). By our assumption that there are no vertical steps, we have p j−1 − p j−2 = e x − u 1 . Thus, the span of Ψ(γ j−1 ) contains either a translate of e x or of e x + u 1 . In either case, the span contains a vector that was not contained in the span of Ψ(γ j ). It follows that any two consecutive cycles are transverse.
The stateement for cycles γ j for j < k follow by a similar argument. At most one of the divisors div ψ i may contain the point j j in its support. There are therefore at least n − 2 infinite rays attached to γ j that are all based at distinct points, and if there are exactly n − 2, then there is one tree based at j j with two leaves. The root of the tree is a translate of the vector e y + u 0 for some y. The remaining rays are translates of e 0 , . . . , e y , . . . , e n−1 . Since these vectors are linearly independent, we see that the span of Ψ(γ j ) has codimension at most one. In the case where it has codimension exactly one, we have p j − p j−1 = e x − u 0 for some x, and the span does not contains a translate of the vector e x , or of the vector e x + u 0 . The fact that any two consecutive cycles span the whole space follows by the same argument as above.
We now show that we may choose the edge lengths of Γ so that the map Ψ is naively wellspaced. Moreover, this can be done in such a way that the dimension of the space of metric graphs with this combinatorial type is 2g − 5 + 2k. Assume that if i ≤ k − 1, then n i ≫ n i+1 . This guarantees that, if γ i is contained in a hyperplane, then the closest point to γ i at which Γ leaves the hyperplane is on γ i+1 . In this case, there is a single tree based at γ i with two leaves, and Γ also leaves the hyperplane at the branch point of this tree. We are free to choose the distance from this branch point to γ i . Define it to be the same distance from γ i as the closest point to γ i at which Γ leaves this hyperplane. In complementary fashion, if i ≥ g − k + 2, we assume that n i ≫ n i−1 , and define edge lengths in the analogous way. We conclude the proof of Theorem A in analogous fashion to Theorem 4.6. By the result above, its proof is nearly identical to that of Theorem 4.6. Proof. By [43] , we have dim W r d (C) ≤ ρ k (g, r, d), so it suffices to prove the reverse inequality. Let M k g be the moduli space of curves of genus g and that admit a degree k map to P 1 . A general member in this space is a curve of gonality k. Let C k be the universal curve, and let W r d be the universal W r d over M k g . As in the proof of Theorem 4.6, let W r d be locus in the symmetric d th fibered power of C k parametrizing divisors of degree d and rank at least r. From the results of [16] , the tropicalization of M k g coincides with the image of the tropical Hurwitz space of simply ramified degree k covers of P 1 in M trop g . As previously discussed, in the chain of cycles combinatorial type, this is seen to have dimension 2g − 5 + 2k.
We work in the Berkovich analytic domain of k-gonal curves whose skeleton is the chain of cycles with torsion profile as specified in Section 7. In the notation of We can apply Proposition 9.2 to conclude that the tropicalization of W r,an d
has dimension 2g−5+ 2k + ρ k (g, r, d)+ r. To see that W r d has a component of dimension at least 2g − 5+ 2k + ρ k (g, r, d)+ r, it suffices to show that, for a general pair (C, D) ∈ W r d , the divisor D has rank exactly r. To see this, note that if D has rank strictly greater than r, then for general points p, q ∈ C, D − p − q has rank at least r. If every divisor of rank at least r has rank strictly greater than r, then by iterating this procedure we see that every divisor in Pic d (C) has rank at least r, but this is impossible. Therefore, W r d has a component of dimension at least 2g − 5 + 2k + ρ k (g, r, d 
